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Instructions:

1.

© ®© N o

Each candidate is provided with the following documents:

1.1 Question paper including cover page — 22 pages

1.2 One sheet of draft paper

Fill in your JAE No., campus, building, room and seat no. on the front page of the examination
paper.

There are 5 questions in this paper, each carries 20 marks. Answer any 3 questions. Full mark
of this paper is 60.

Put your answers in the lined pages provided. Answers put elsewhere will not be marked.
Show all your steps in getting to the answer. Full credits will be given only if the answer and
all the steps are correct and clearly shown.

The diagrams in this examination paper are not drawn to scale.

Calculators of any kind are not allowed in the examination.

Answer the questions with a blue or black ball pen.

Candidates must return the question paper and draft paper at the end of the examination.
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Answer any 3 questions, each carries 20 marks. Write down the answers on the 3 lined pages

following each question.
1.

4t B > ABCD —EFGH €.+ = > %8> H# L 5 1%k M & EC - %>
®#F @M LEC -

(a) %M ACMG ~ ACMB 4 ACMD §_2> % = &7 ¢ (5 4)
(b) %M CM %3 T4 BDG>* M %L % BDG + — 8 o (5 4)

(C)-Fléis E = 2> B AKFEE B~ DG - £t Fléanmifi - (10 4)

In the above figure, ABCD — EFGH is a cube with edge length 1. Let M be
the point on EC such that GM L EC.
(a) Show that ACMG, ACMB and ACMD are congruent triangles. (5 marks)
(b) Show that CM is perpendicular to the plane BDG, and M is a point in the

plane BDG. (5 marks)
(c) A circular cone has E as the vertex and its base circle passes through

B, D and G. Find the volume of the cone. (10 marks)



2.

e maddic f(x) =x3—x%2—x -

@ (@) & f'(x) 2 f"(x) - @2 »)
(i) & f(x) Pk IR Efokh BiE]) E - (4 »)
(iii) few 2y = f(x) B o 2 )
(iVygdhwsmy=Ff(x)»—-2<x<2- 3 4)
(V) e sy =—f(x]) —2<x<2- 1 4)

(b) #d ¥ @y =f(x) 2 EMRy =x 75 Flia %3 DG ff o (8 »)

Given the function f(x) = x3 — x? — x.

(@) (i) Find f'(x) and f"(x). (2 marks)
(ii) Find the local maximum and local minimum values of f(x). (4 marks)
(iii) Find the inflection point(s) of the curve y = f(x). (2 marks)
(iv) Sketch the curve y = f(x), =2 < x < 2. (3 marks)
(v) Sketch the curve y = —f(|x]), =2 < x < 2. (1 mark)

(b) Find the total area of the two regions bounded by the curve y = f(x) and the line
y=x. (8 marks)
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3. ¢ M ES+2=1> L £8: Fi(-a,0) 2 F,(¢0) §¥ a>0°3% C L

FiIF,% 22l e K E &2 C % - %" Uh 5 Q-

(@) *a g & Q hpk -

(b) 3 L 8 QF, # {rMIE 0¥ — 2 M(M # Q) » 4 M P«
(c) F tanzQMF; -

(d) % Q & E &t MF, ehied -

2 2
Given an ellipse E: = + £ = 1 with foci F, (—a, 0) and F,(a, 0) where a > 0. Let C
9 4

be the circle with F; F, as a diameter. Suppose the intersection point of E and C in th

first quadrant is Q.

(a) Find the value of a and the co-ordinates of Q.

(b) Suppose the line QF, and E intersect at another point M (M # Q). Find the
co-ordinates of M.

(c) Find tanzQMF, .

(d) Find the distance between Q and line MF;.

(52)
(7 )
(42)
(42)

e

(5 marks)

(7 marks)

(4 marks)
(4 marks)



4.

xi=+v-1-
(@) () &> 422 —V3z+1=0:ha BiF#cfas 4R cosd +isinb 7
HY —m<B<m- G ~)
(ii) * (i) i % » R348 2 — V322 4+ 1 =0 ¥7F 4 BcfEx 11 4R N cos6 + isind
270 H¢% —m<O<To (6 ~)

(b) (i) P 5 5 % 2% — V322 +1 3 11T chF| X A 2

T T

z* =322+ 1= (2% - ZZCOSE-F 1D (z* + chosE+ 1) -
(6 ~)
(i) * () 5% P cosT =200 (4 )
Leti =+v-—1.
(a) (i) Find the two complex solutions of the equation z> —+/3z + 1 = 0 and express
them in polar form cos 6 + isin 8 , where —m < 6 < . (5 marks)
(i) Using the result in (i), find all the complex solutions of the equation
z* —/3z% + 1 = 0 and express them in polar form cos 8 + i sin 8 , where
-n<0<m (5 marks)
(b) (i) Show that the polynomial z* — v/3z2 + 1 has the following factorization:
z* =322+ 1= (Z2 —27co5—+ 1) (zz +27c05—+ 1).
12 12
(6 marks)
(if) Using the result in (i), show that cos = = Y223, (4 marks)



5.

1 a a*
1 b b*
1 ¢ c*
x+y+z=2 |,

{3 o >
3x+y—z=4m“ﬁ* (4 =)

(@) FI5 4 i3 7 70 o (7 %)

(b) (i) % feie (E){
(i) &a~ bz coiEi @1 (E) ﬁvﬁ’é;"gﬁ X ARE

x+ y+ z=2
(ENY 3x+ y— z=4
ax? + by?+ cz? =3

If% o (5 ~)
(i & (E)? a=b=c=1 > & (E'") ihfz (4 =)
1 a a*
(a) Factorize the determinant |1 b b*|. (7 marks)
1 ¢ c*
- . . x+y+z=2
(b) (i) Find the general solution of the system of equations (E) {Sx ty—z =4 (4 marks)

(i1) Find the values of a, b and c such that all the solutions of (E) are also solutions of

x+ y+ z=2
(EN4 3x+ y— z=4, (5 marks)
ax? + by?+ cz> =3

(iii) Suppose in (E"), a = b = ¢ = 1. Find the solutions of (E"). (4 marks)



%5 5k
1. @) ¢ |EG|=+|EHZ+|HG]?=v2 18 LECG—tan_1:CG: tan~1v2 -

Pf’IE"—_ » LECD = £ECB = tan"'/2 » & £MCB = £MCD = £MCG -
|BC| = |DC| =|GC| 2 MC .= %% > {8 ACMG ~ ACMB 4= ACMD
LrRz b

(b) ¢ 5 CM L MG >4 (3)  CM LMD > %3 CM L < & MGD -
4 (@ ®CMLMB> F » 8B E %6 MGD P -
HEBLB~D~GAe M X & o
MA > BLB-~DAcG ¥ 22 M > & TG BDG *TL G MGD -
F]p > CM L6 BDG > * 2 M % 4T 5 BDG P -

c) ¢ (a) ¥ |[MB| = [MD| = |MG| > %2 M 2388 B ~ D 4= G [l 0l o
d (b) ¥ EM L X % BDG > # |[EM| £ R4ich% o Fl4a R £ §|MG|2|EM| o

i (a) chfzd o %—tanLMCG—tanLECG \/—o

* B MCI? + [MG|? =1 %7 # [MC| = —a IMG| =

¢ |EC| =IEH|* + |HG|* +|GC|* =3 > # |EM|=|EC|—|MC|=2fo
i ek 7% 5 4\/—110

2. @0 f'(x)=3x2-2x—1>f"(x) =6x—2>
(ii)f'(x)=o=>(3x+1)(x—1)=o=>x=—§f&x=1o
i,‘f—Z<x<—§EV 1<x<2 f'(x) >0 & f(x) Lk
§—1<x<1 f’(x)<0’éﬁcf(X)iii:)a“ﬁw
0 f(o =g A BEES S = 1R i) i
(iii) f”(x) =0ex=7-
%J—2<x<§’f”(x)<00§f§<x<2’f”(x)>0°

1 11 2
] ,(g’_;) oMy = f(x)hds gk o



(iv)

-12

(V)
y =-f(]x])

0 2
J (x3—x2—x)—xdx+fx—(x3—x2—x)dx

0
2

x3 —x?—=2xdx + J 2x + x% — x3dx

-1 0

[x“’ %3 0 3 4
=|———=—x? +lx2+———
54 83 . 3 4 0
“1273
_37
12

) 3v3
» B 5x2 =9, Fpt s x =+ \5/_

. g . 3V5 445
B Q L% - % E Q PREL () -

10



s,

(b) 2 48 QFp il & F— =2+ 5 M QR 2Ly = —2x +2V5 -
S A 5
d ° 4 1% 5x2—9V5x+18=0" H 2% x=6T\/§§Vx=3‘5/§°
y=—2x+2\/§

g M 2,25

(©) B M~ Qe Fy A& 5 350 MQ et % 1 myq = —2 -

0—(—£) 2
<L g2 Z2Y ) =— 5 "= _ = =
S MF, m#‘——?ammn—_ﬁ_eﬁ_ T
5

Mpyg — Myr,
1+ myomyp,

4
3

tan 2QMF, = ‘

(d*xNiZeEsR FM ‘-2, @#1% QN LFEM > plordged s |NQ| -
d tanAQMF1=§’ i sinAQMF1=§o

; V5 3V5 V5 45
¥ ok s MO :\/(GT_BT)2+(_2T_4T)2 =3

Fpt » |NQ| = |MQ| sin 2QMF, = 15—2 o

g V33Xl

4. (a) (i) = Aznfz L

s TP R 3 E'f,.\cos%+isin§ fv cos (—g)+isin (_g) o

(i) o (i)?ﬁﬁ"zzzcos%+isin% & z%2 =cos (—g)+isin(—g) o
2

- T . . T
F Z° = COSE+ lsmg )
T . . T 11w .. 11w
Z =coSs—+ isin— & z = cos (——) + isin (——) °
12 12 12 12
a— T .. TT.
% z%? = cos (—2) +isin (=)
T .. T R 11w .. 117
zZ = cos(——) + lsm(——) &Nz = cos(—)+tsm(—) o
12 12 12 12

() (i) ¢ (a) 7 =
74 —\3z2+1= [z — (cos% + isinl—nz)] [Z — (cos(— 111_:) +isin(— 111_271))]

T .. T 11m . . 11w
X [z — (cos(— E) + isin(— E))] [z — (cos? + i sin ?)] °

s
[z — (cosl—n2 + isin 1—712)] [z — (cos(— 1”—2) + isin(— 1—712))]
= [z — (cosln—2 + isin 1—"2)] [z — (cos(l—nz) - isin(ln—z))]
=72 — 2zcos =+ 1
12
P4

11w P 11w 11w ., . 1im
z — (cos(— ?) + i sin(— ?))] [z - (COS? + isin ?)]

11w ., . 1lm 11w ., . 11w
= [z — (cos— — lsm—)] [z — (cos—+ Lsm—)]
12 12 12 12

11



=22 — 2zcos 2Z + 1
12
= 72 +22cosa+ 1

TEIRE

(ii) * #e e (0)(i) 590 A2¥ 2% i B ¥ —VB=1—4cos?=+1 -
V2+/3

F1 7 4coszf—2=2+\/§’ éicosln—z =— ('-'cosl—"2>0)°
5 (a)
1 a a* 1 a a*
1 b b*=|0 b—a b*-—a*
1 ¢ c* 0 c—a c*—-a*

1 a a*

=10 b—a (b*+a®)(b+a)(b—a)
0 c—a (c*+a®)(c+a)(c—a)

1 a a*

=b-a)(c—a)|0 1 (B*+a*)(b+a)
0 1 (c*+a®>)(c+a)

=B -a)(c—a)[(c*+a*)(c+a)— (b?>+ a?®)(b + a)]
=(b—-a)(c—a)[c® = b3+ (c —b)a® + a(c? — b?)]
=(b—-a)(c—a)[(c=b)(c?*+chb+b*)+ (c—b)a?+a(c+ b)(c—b)]
= (b —-a)(c—a)(c—b)(a®+ b?+c? + ab + ac + bc)

(D) x=1+t>y=1—-2t> z=t > teER-

(i) 3 ()(i) 3 & » ax® +by? +cz2 =3¢

#(a+4b+)t?+ (2a—4b)t+ (a+b) =3

a+4b+c=0
PRt teERF 2 @i 2a—4b =0 -

a+ b =3
fAr iz s ®a=2b=1>c=—6-°

(iii) 3= (b)(i) s » x2+y2+2z2=3°¢ » @F6t2—-2t—1=0->
147
6

THV7 4=2N7 147 . 77 44247 1-7
.*t“’(x,y,Z)=(6, ) e )

.
P t=

$ = fzenia

12



Suggested Answers:

1. (a) As |EG| = +/|EH|Z + |[HGZ = V2, WehaveAECG—tan‘l: |—t an~1 2.

Similarly, ZECD = £ECB = tan~*+/2. Thus, ZMCB = +MCD = +MCG.
Also, |BC| = |DC| = |GC| and MC is a common side. Hence, ACMG, ACMB and ACMD

are congruent triangles.

(b) Given CM L MG. From (a), we have CM L MD. Hence, CM L plane MGD.
From (a), we have CM L MB. So, point B is in the plane MGD.
Hence, points B, D, G and M are co-planar.
Obviously, points B, D and G are not collinear and so the plane BDG is the plane MGD.

Hence, CM 1 plane BDG and M is a point in the plane BDG.

(c) From (a), we have |MB| = |MD| = |[MG|.
Hence, M is the center of the circle passing through points B, D and G.
From (b), we have EM L plane BDG, and so |[EM| is the height of the cone.

The volume of the cone is g IMG|?|EM].

From the solution of (a), we get % = tan ZMCG = tan 2£ECG =+/2.
With [MCI2 + [MGI? = 1, we get [MC| = 2 and |MG| = 2=
As|EC| = \J/I[EH|2 + [HG|? + |GC|2 = V3, |EM| = |EC| — |MC| =

The volume of the cone is g

243
-

2. @@ f'(x) =3x2-2x—1, f"(x) = 6x — 2.
(ii)f'(x)=0<:>(3x+1)(x—1)=0<:>x=—§ orx =1,

When -2 < x < —% orl<x<2, f'(x)>0.8So, f(x) is increasing.

When —§ <x <1, f'(x) <0.8So, f(x) is decreasing.

Hence, f(— é) = 25—7 is a local maximum value; f(1) = —1 is a local minimum value.
(i) f/ =0 x=1

When —2 < x <l £"(x) < 0. When l<x <2, f"(x)>0.

Hence, (— - —) is an inflection point of the curve y = f(x).

13



(iv)

v)
=-f(Ix])

X—X—

(b) Solvmg{ ,wegetx =—1lorx=00rx = 2.

The total area of the two regions bounded is

2

0
J (x3—x2—x)—xdx+fx—(x3—x2—x)dx
-1 0

0 2
=f X —x2—2xdx+f2x+x2—x3dx
0

x3 x4

- _ 2 4 _
l xl +lx +3 4l
1 0

12 3
37

3. @)As a?=9—4 =5 wegeta =+/5. Thecircle Cisx?+ y? =5.

Cp Yo 35

9 ;_ » we get 5x2 = 9. SOx—+—
5

As Q is in the first quadrant, the coordinates of Q are (

From
x2+y
35 4\/_)

14



w5
(b) The slope of line QF, is % = —2. An equation of line QF, isy = —2x + 2v5.
=5
5

xZ y2
—+=1 _ _
From o 4 , we get 5x2 — 9v/5x 4+ 18 = 0 and its solutions are x = %g orx = %‘E
y=-2x+ 2V/5
Hence, point M is (%g, —zsﬁ).

(c) The points M, Q and F, are collinear. The slope of line MQ is my, = —2.

The slope of line MF, i _eCH 2y
€ Slope ot line 1 1S Myp, _T_%E_ BETE ence,
My —M 4
tan LQMF, = |—22 —Mh | _ =
1+ myempyp, 3

(d) Let N be the point on line F; M such that QN L F; M. Then, the required distance is |[NQ]|.
From tan £ZQMF, = g, we get sin 2QMF,; = g.

6V5  3V5 25 45
Also, |[MQ| = \/(?_T)Z + (_?_T)Z =3,
Hence, [INQ| = |MQ| sin 2QMF, = %

(@) (i) The solutions of the equation are @ In polar form,

cos=+ i sin=and cos (— =) + i sin (—2).
6 6 6 6

(ii) By (i) we have z* = cos = + isinZ or z2 = cos(—2) + isin(—%).
For z% = cos% + isin %'
Z=cos=+isin= or z=cos(——=) + i sin(——2).
12 1_[12 TL' 12 12
For z? = cos(—) + isin(— ),

T P 4 11 . . JAlm
z = cos(— E) + isin(— E) or z= cos(?) + LSll’l(?).

(b) (i) From (a), we have
z*—\3z2+1= [z — (cosln—2 + isin 1”—2)] [z — (cos(— 111—:) + isin(— 111—:))]

X [z — (cos(— 1—712) + isin(— 1”—2))] [z — (coslll—zn + isin 111—:)]

The result follows from
[z - (cosl—”2 + isin 1—”2)] [z — (cos(— 1”—2) + isin(— 1—7;))]
= [z — (cosln—2 + isin 1—712)] [Z - (COS(l—Z) - isin(ln—z))]
=72 — 2zcos =+ 1
12
and

11w P 11w 11w ., . 1im
[z — (cos(— ?) + i sin(— ?))] [z - (COS? + isin ?)]
= [z — (cosll—n - isinll—n)] [z — (cosll—” + isinll—”)]
2 12 12 12
=z% — 2zcos—+ 1
12
15



= 72 + 2zcos— + 1.
12

(ii) Comparing the coefficients of z2 in the equation in (b)(i),
we get —/3 =1 —4coszln—2+ 1. So, 4c0521—”2= 2++3
V2+y3

and hence cos = = (- cos—= > 0).
12 2 12
5. (a)
1 a a* 1 a a*
1 b b*=|0 b—a b*-a*
1 ¢ c* 0 c—a c*—a*

1 a a*

0 b—a (b*+a*>)(b+a)b—a)
0 c—a (c2+a®)(c+a)(c—a)

1 a a*

0 1 (b2+a®>)(b+a)
0 1 (c*+a®>)(c+a)

=0b-a)(c—a)

=b-a)c—a)[(c*+a®)(c+a)— (b?+a?®)(b+ a)]

= (b —-a)(c—a)[c® = b3+ (c —b)a® + a(c? — b?)]

= (b —-a)(c—a)[(c=b)(c?+cb+b*)+ (c—b)a?+ a(c+ b)(c—b)]
= (b —a)(c—a)(c—b)(a?+ b?>+c? + ab + ac + bc)

@) x=1+t,y=1-2t, z=t, teER

(ii) Putting the solution found in (b)(i) into ax? + by? + cz? = 3,
we have (a + 4b + c)t?> + (2a — 4b)t + (a + b) = 3.

a+4b+c=0
As this equation is satisfied by all t € R, we have{ 2a — 4b =0.
a+ b =3

Solving this system of equations, we geta = 2,b = 1,¢c = —6.

(iii) Putting the solution found in (b)(i) into x? + y2 + z% = 3,

N

we have 6t2 — 2t — 1 = 0. The solutions of this equation are t = %

Hence, (x,,7) = (L2 2200 10T op (27 107 104

16



